Abstract -We formulate a generalized image theory for the radiation of electromagnetic sources in the vicinity of the interface between vacuum and a Minkowskian isotropic medium (MIM). The MIM is a special kind of a Tellegen medium where the isotropy is an invariant, i.e, the 4D constitutive relation of a MIM is invariant for any inertial observer. We demonstrate that because of this property the fields reflected/transmitted by a vacuum-MIM interface can be expressed in terms of suitable virtual (image) sources. This analytical result is an extension of the image theory for some known special cases: the perfect electromagnetic conductor (PEMC), the perfect electric conductor (PEC) and the perfect magnetic conductor (PMC).
I. INTRODUCTION
The perfect electromagnetic conductor (PEMC) was defined by Lindell & Sihvola in Ref. [1] as an electromagnetic boundary that generalizes the perfect electric conductor (PEC) and the perfect magnetic conductor (PMC). In the literature, several studies analyzed the PEMC as a boundary [2] . Nevertheless, the PEMC may be as well regarded as special case of a Tellegen medium, that is, a nonbirefrigent nonreciprocal biisotropic medium. In particular, the PEMC can be obtained as a limiting case of the so-called Minkowskian isotropic media (MIM) [3] , i.e. the sub-class of Tellegen media with refractive index equal to unity. The electromagnetic field inside the PEMC can be unambiguously defined based on such a limit process [3] .
It is well known that radiation problems in a semi-infinite half-space terminated with either a PEC or PMC boundary can be solved with the help of image theory, such that the scattering of the primary electromagnetic fields by the pertinent boundary can be expressed in terms of the fields radiated by some suitable "image source". Recently, these ideas have been generalized to case of PEMC boundaries [4] - [5] . Here, we demonstrate for the first time that image theory methods can be applied to a wide class of radiation problems involving planar interfaces of MIM. It is shown that the "image source" associated with a primary horizontal infinitesimal electric dipole radiating over a MIM consists of both infinitesimal electric and magnetic horizontal dipoles. The need for a virtual magnetic horizontal dipole is a consequence of the electromagnetic coupling (bi-isotropy) in the MIM. The image sources are calculated by imposing that the electric field radiated from the image sources is coincident with the field reflected by the MIM interface.
II. THE MINKOWSKIAN ISOTROPIC MEDIUM
The concept of the dispersionless and losseless MIM, [3] , was originally formulated in the Minkowskian spacetime by the 4D constitutive relation M = Γ − G F IF, where M is the admittance associated with the electromagnetic coupling and Γ is the principal part of the constitutive relation. The Maxwell and Faraday bivectors, G and F, are expressed using the geometric algebra (GA) by E IB, respectively, where I is the unity quadrivector. With the spacetime algebra (STA) language it is simple to distinguish observer-dependent and observer-independent entities, and it can be readily proven that the 4D constitutive relation of a MIM is an invariant, so that the MIM is a truly isotropic medium.
The constitutive parameters of a MIM are the permittivity ε , the permeability μ and the Tellegen parameter κ , and the corresponding refractive index is Γ. Some special cases of a MIM, such as the PEC, the PMC, the PEMC and the simple isotropic medium (SIM), can be obtained by considering specific limits of its admittances. This is illustrated in Fig. 1 a) , wherein we represent the two-dimensional space of MIMs based on the following parameterization for the constitutive parameters tan(X) . Contour plots of the curves η =const. are depicted over the MIM-space in Fig. 1 a) . The PEC and the PMC are defined by the conditions X 90º = and Y 90º = , respectively. The PEMC is obtained for any curve of η with the condition X Y 90º = = . Using this parameterization, it is easy to see that the PEC and the PMC can be reached from any curve of κ =const. and not only as the limit of a PEMC ( κ → ∞ ).
III. THE IMAGE THEORY FOR A MINKOWSKIAN ISOTROPIC MEDIUM
Let us consider the radiation problem wherein a horizontal (x-oriented) infinitesimal electric dipole is placed at a height h over a MIM semi-space, as depicted in Fig. 1 b) . The upper half-space ( z > 0 ) is assumed to be free space whereas the lower half-space ( z < 0 ) is filled by a MIM. Because the refractive index of the MIM is identical to that of a vacuum the wave number is 0 / k c ω = in all regions of space. The primary source is described by the electric current density 
where ˆˆˆˆˆ= ⊗ + ⊗ + ⊗ I x x y y z z is the unity dyadic. The wave reflected by the interface z = 0 can be determined by expanding the primary field into plane waves (Fourier analysis) and by applying the superposition principle, noting that the reflected transverse field amplitudes at z=0 for an incoming plane wave associated with the transverse electric components
, can be written as r i = ⋅ E R E where R is the reflection matrix at the interface. Detailed calculations show that the reflection matrix R is given by 2 2 ( , , ) x y z = − r . Because the MIM has electromagnetic coupling, we suppose at the outset that the image source is formed by the horizontal electric and magnetic infinitesimal dipoles described by the dipole moments, 
By imposing that im E is coincident with the field reflected by the air-MIM boundary r E (which as outlined previously can be obtained by a suitable plane wave expansion with the help of R ) we can determine the 
The classical results for the PEC, the PMC and the PEMC images are recovered by substituting the conditions, 
IV. CONCLUSION
The MIM is an extension of several cases with special interest, such as, the vacuum, the PEC, the PMC and the PEMC. Here, we have formulated a generalized image theory that enables solving radiation problems of electromagnetic sources placed over a planar vacuum-MIM interface. Our theory can be extended to the case of vertical dipoles, and hence, because of the superposition principle, it can be applied to arbitrary electromagnetic sources. Moreover, it is important to highlight that a general MIM is a transparent medium, and thus it is pertinent to compute the radiated field inside the MIM. In the talk, we will show that the transmitted field can be expressed as the field radiated by suitable virtual (fictitious) sources radiating inside the MIM. Our theory generalizes the conventional image theory to a wide class of electromagnetic media, demonstrating that image theory can be applied when the pertinent isotropic media have the same refractive index. This work was partially founded by Fundação para a Ciência e a Tecnologia (FCT) project PEstOE/EEI/LA0008/2013 under a Doctoral grant (SFRH/BD/67090/2009).
